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Scant improvement in optical resolution over conventional imagery when viewing

( through a turbulent atmosphere, that one is prompted to suggest the possibility
I of introducing adaptive optics to the interferometric system for still further

improvements in performance. In particular, since a high performance adaptive
optics system would allow achievement of diffraction-limited performance by
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i.e., one with "excessively" large actuator elements in conjunction with
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acting on a turbulence-distorted single-point-source wavefront. The adaptive
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aperture of this two aperture system. It is found that no improvement in
performance is achieved in speckle interferometry with adaptive optics over
conventional optics, in as much as the power spectrum is virtually unchanged. A
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PREFACE

This report is submitted in accordance with the requirements of

Contract No. F306OZ-79-C-006Z. It represents the results of work com-

pleted between March 1979 and October 1979.

This report is a collection of several reports which previously

had been issued only informally. They are assembled in this document,

each constituting a single chapter.
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Chapter 1

Probabilistic Considerations for

Instantaneous Wavefront Distortion Samiples

and for Short E~xposure Resolution



1. 1 Analysis

In a recent paper 1 we calculated the probability that at any instant

of time the squared wavefront distortion, (excluding the part of the distor-

tion accountable as wavefront tilt) would be less than one radian-squared

averaged over a circular aperture of diameter D . We showed that if the

trubulence limited coherence diametera were r. then the probability was

well approximated by the expression

Prob ( ; ;D, ro) w 5.6 exp-0. 1557 (D/r 0 )J . ()

Here we have used the notation 10 to denote the aperture averaged

squared (but tilt-free) wavefront distortion, measured in units of radians-

squared. In this chapter we wish to extend this result to apply for other

values of p than one radian-squared, and then to consider the probability

of achieving various levels of resolution for different values of aperture

diameter, taking account of the effect of the actual value of p on

resolution.t IIW e start by noting that the basis for development 01 ETq. (1) was

the deccmposition of the random wavefront distortion over tLe aperture

area into a Karhunen-Loeve series with the random coefficient of the nT "

term in the series having a mean value of zero and a variance a It

was shown that

~ == i: :(D/to) 15/3 2g(
\T

where Z. is a parameter derived entirely from the five-thirds power

dependence of the wave structure function and is dependent only on n.

The second key to our analysis is to recall that Eq. (1) was obtained by

noting that the probability in question corresponded to the probability

- - -- -I I I-
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A

that an infinite set of zero mean gaussian random variables, (S1 , S2

S , . . , . . .), with standard deviations, ( a , . .. , ,..

would have a sum of squared values, (S 2+S S + S3 2 + ... +S +...) less

than or equal to one. This probability relationship provided the equation

Ur

k-rob (1 -. , r.) Sf dSo (2

X ep(- 5 31a2) . (3)

Here the notation L, denotes a composite limit for the multi-dimensional

integral corresponding to a hyper-sphere of unit radius in the multi-

dimensional space of (S., S2, S 3 1... S .. ). This notation can be

generalized to L denoting a hyper-sphere of radius x Thus we can
X

write, as a direct extension of the formulation that lead to Eq. (3), that the

probanbrecity E p,2 tain athe less tha oreult 2isgvnb h

expression

Prob (p~. X ~D, r.) i dS(Zral'
LX

By a simple change of variables, with

we can recast Eq. (4) in the form

Prob (pi 2 x D, r0 ) =7s1 [i (a /X)-1/
j=~L

t L

3 * - * -~,-- -- -(



X expC- S 2~/(a /X)2 3 (6)

Before attempting to exploit the form of Eq. (6), we first turn to a con-

sideration of Eq. (1)

It is an easy matter to recast Eq. (1) in the form

= 4N /D/IS5 S/ 3  2(7
(a\T, ro ) A

Comparing Eq. (7) with Eq. (Z) suggests that for a given value of r0

just as we would associate the value a1 with the standard deviation of

the n Karhunen-Lo4ve series random coefficient for an aperture dia-

meter D, we would associate the value a /x with the standard deviation

of the nTH random coefficient for an aperture diameter D/WY . Now

noting that the right-hand-side of Eq. (6) is equivalent to the right-hand-

side of Eq. (3) except that a in Eq. (3) is replaced by a,/X ia Eq. (6),

we see that we can equate the probability of $ being less than or equal

to x2 for an aperture diameter D with the probability of being less than

or equal to unity for an aperture diameter of D/ 8 l 5 . Thus, we can write

Prob (10 X2; D, r.) = Prob (1 : 1; D/XP/ 5, r.) . (8)

Now making use of Eq. (1) we can write

Prob ($ k x2; D, r.) = 5.6 exp,- 0. 1557 '12 /A(D/r 0 )3 ] . (9)

This is the first of the results we seek. In Fig. I we show this probability

plotted as a function of x for several different values of D/r. . The

form of Eq. (9) suggests an interesting and rather simple test of our

-4-



A theoretical results making use of short exposure astronomical observations

with a fixed aperture telescope.

'1i
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; gWAVFRONT DISTORTION, X

Irgus 1.t~'eL Prokbbiity of Various Levels o~f Insantaneus. Tit-Fres

~Aperture Averaged ,RM,5) Waverout Distortion.

Re0its are shown for t. is different value of aperture dameter.

' ] corresponsdf i  m D/r, a 1. 3. and 10. ResultsI shown her re were calculated

from Eq. (9) . W&vefrot ditron is measred ut radias.

tI

-- With Eq. (9) in hand we are now ready to turn to the second of the
: Iquestions posed.-at the start of this note, i. e. , what is the probability of

achieving various levels of resolution with a particular aperture diameter,
and as a corollary/, what aperture diameter maximizes the probability of

i:: ! achieving a particular level of resolution. Following earlier procedures °

we define t:e -sFaeoution as the itegral over spatial frequency of the

woavefront distortion limited rodulation transfer function of our aperture,

() oe. , we can write the resolution as

acivn aiu eesofrslto ihapriclraetr imtr
[ 'j



J'd1 T(r) *(10)

It is convenient to reference this resolution to the long-exposure resolution

achievable with a very large aperture diameter, which is limited by the co-

herence diameter, r. , and has the value3

J'f exp[- 3.44 (.'rIr/3) . (11)

rIt can be shown that

For a given aperture diameter, D , and instantaneous aperture average

of the squared wavefront distortion, 1 , we wish to know what the re-

solution, R, is.

Strictly speaking, this value of 'is a random variable which is
not entirely determined by p2 (and D) .However, if we note that we are

actually interested in the expected value of R taken over the sub-ensemble

of wavefront distortions samples which are characterized by this same

value of 4 , then we can approximate that

'9 dl rL.(7";D) exp(-3.44(% f I/r,)r'.l [I ifJT/D)"/111 (13)

where r. is a modified coherence diameter whose value is given by the

expression

2. ( D /

2L 3 (14)\ 3.40r,

i -6-
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so that

= D -1 5 /3.40 . (15)

Eq. (14) is chosen in accordance with our previous analysisi of the tilt-

free aperture averaged wavefront distortion squared, so that r will

characterize a nseudo coherence diameter with ordinary wavefront dis-

tortion-like spatial characteristics but corresponding to an aperture

averaged wavefront distortion squared of 0 , over an aperture of diameter

D. rDL (f; D) in Eq. (13) denotes the modulation transfer function associated

with diffraction limited imaging through an aperture of diameter D . Its

value is given *vy the expression

T , %(T; D ) = - fcos--, J % - % i -I I (X i} (16)

The form of Eq. (13) is based on the assumption (which we believe

is plausible but not certain) that the samples of wavefront distortion charac-

terized by some value of 2 have the same general spatial form as those

characterized by any other value of 1, but with a different scale factor-

the scale factor being the modified coherence diameter, r.

Combining these equations and appropriately simplifying, it can be

shown that

(Dir,)2 '( h) , (17)

where the function Y(a) is defined by the equation

y 8 XdX C Cco S(X) X _X) 2 2

7-



x exp - Z6.45 (xs81-3_ ) . (18) 

In Table 1 we list some sample values of T(a) and plot the function in

Fig. 11

TAB IZ

Valiae. of Yla) . CaLculated From Eq. (18)

.00 .99912 1.00 .30084 6.00 .0Z0S27

.05 .93619 1.25 .Z3226 a.2S .019616

10 .87715 L. 50 .18259 6.50 .018524
r 15 .8229 1. 75 .14616 6.75 .017536

.20 .77127 2.00 .1910 7.00 016b37

.25 .72383 a. Z5 .098720 7.25 015817

.30 o7969 2.50 .083148 7. 50 .015066

.35 .63862 2.75 .071075 7.75 .014376

.40 .60038 3.00 .061578 8.00 .013740

.45 .56478 3.2Z5 .053997 S.2Z5 .0131LS1

.50 53161 3.50 .047861 8.50 .012607

.55 .50071 3. 75 042827 B. 75 01L2101

.00 .47190 4.00 .038644 9.00 .011629

05 .44503 4. Z5 .035127 9.25 .011190

.70 .41997 4.50 .032137 9.50 .010778

.75 .39658 4.75 .029571 9. 75 .0103931

.80 .37475 5.00 .0Z7347 10.00 .010032 1

.85 .35436 5. z5 .ozs404

.90 .33530 S. o oz3694

.95 .31749 5.75 .022179

'II
I)i
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0

a I

ALPHA

Figure Z. Dependence of f (a) on a

The values plotted here are takea from Table I . ,t is interestig
to note MAL Y(a) appears to be proporti onaL to a-3/2 for values of

olmuch larger than untlly, and that it asympotically approaches unity for
very snmAll values o a , with a knee in the curve of a O. 5 •

We are now ready to calculate the probability of some desired level

of resolution as a function of aperture diameter, D. We assume that r.

is fixed and so our aperture diameter converts to a value for D/r and our

ddsired resolution converts to a value for /I 0 . Then assuming some

value for aperture diameter and making use of Eq. (17) aad Table 1, we

can solve for the allowed value of 6 or rather of x. . To achieve this

level of resolution or better the aperture averaged squared tilt-free wave-

front distortion, s4 , must have a value less than x9. The probability

of this can be obtained by use of Eq. (9) . Following this computational
Theer epredsntiour asic esuts for thiees char. e
procedure we have prepared the data shown in Table Z and plotted in Fig. 3.

i} } These represent our basic results for this chapter.

(-

L .... -* ... g- ...-- ',. "

-9- .



TABLE 2

Probability of Achieving the Resolution R With an Aperture of Diameter 13

The quantity in parentheses accompanying each probability is the associated value of
4 x measurzed in raudians- squared.

Diameter Probability

4 (0.45) 8. 98 x 10 3

5 (0.84) 4.45 x 10-3 (0.35) 5. 69 x 10-4

6 (1. 19) 5.801x 10-' (0.65) 4.73 x 10-' (0.28) 4.89 x l0'

7 (1.50) 5.04 xIT10S (0.93) 1.28 x 10-3' (9. 54) S. 301x 10-' (0.2Z+) 1. 71 x IT'

8 (1.80) 4.10 x 1&* (1.19) 1.66 x 103 (0.76) 5.85 x 10-0 (0.45) 3.70 x1 0'11I

9 (2. 10) 3.14 xIT10 (1.43) 1.47 x 10-', (0. Q8) 1. 30 x 10-0 (0.65) 3.83 x 1-

10 (2.40) 2. 351x 10"' (1.66) 1.131x 10-3 (1. 19) 1.71 x 10-'5 (0.84) 2.33 x '0-'

12 (3.00) 1.31 x 10' (2. 10) 5.581x 10' (1.56) 1. 111x 10-'2 1 9 .3x1-

V13 (3.28S) 1. 00 Y 10-2' (Z. 32) 3.7S5x 10-' (1.741, 7.251x 10- (1.35) 5.68 x IT"i

14 (3.60) 7. 861 10l3 (2.53) Z. 5 11 10-' ( 1. 92) 4.981x 10-' (1.50) 3.741 x -I'

1s (3.92) 6.221 x103 (2.75) 1.691 x10-' (2. 10) 3.13 x 10-s (1.66) 2.73 x 10-6

16 (4.2Z5) 4. 981 0I-T (2. 98) 1.181x 10- (2.27) 1.84 x 10-' (1.80) 1. 601x 10-*

17 (3.2Z1) 8.281x 10-s (2. 45) 1.171x 10 4 (1.95) 1. 46 x 1IT'

18 (3.44) 5.89 x 106 (2. 62) 7.311 xIT" (2. 10) 5. 54 x 10-9

19 (3.68) 4.261x 10-' (2.80) 4.43 x w0- (Z.2Z4) Z. 90 x 10"

20 (3.92) 3.131x 10-6 (2. 98) 2. 75 x 10-' (2.39) 1. 74 x I G-

IE-3

IE-4

I IE-~
16

i -7 V I
r

1 E-8 I

I E-9 21.

DIAMETER.CD/% )

FL~use 3. Probability of Achieving the Desired Resolution, R
As a Function of Aperture Diameter. 0

The results platted here are based on the data u% Table Z.

-10-



Two things are worth noting from Table Z and Fig. 3 . First,

we note that for any desired value of resolution, the maximum probability

of achieving or exceeding this resolution is obtained if we choose an aper-

ture diameter such that D/r is equal to about Z(i/I0)// This means

- that the optimum aperture diameter for achieving a given resolution is

a! twice the diameter that would just achieve that resolution with diffraction

4- limited (i. e., turbulence-free) imaging. Second, we note that this mnaxi-

mum probability is achieved with an aperture averaged tilt-free wavefront

distortion limit, 0, of just about one radian- squared. This means that

Eq. (1), our previously published result, adequately defines the probability

of being able to achieve a given resolution if the aperture diameter is

properly chosen to maximize the probability of achieving that resolution.

It also allows us to write the probability of achieving a resolution R9 as

Prob( K&9 ) 5. 6 exp(- .6Z28 K) , (19)

where K measures the factor better than turbulence limited imaging

which we wish to achieve. It is also interesting to note that the probabi-

listic penalty of using a diameter larger than the optimum is smnall for the

higher optimum probability cases, but becomes increasingly severe as

we tuirn to the higher resolution lower optimum probability cases.

--..

.Il

-11-~I
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Analysis of Speckle Intexrferometry
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2. 1. Introduction

Although we wish to study the effect of speckle interferometry on

large aperture adaptive optics, we will confine our analysis to the Michel-

son stellar with a single adaptive optics actuator corresponding to each of

the two apertures, for the simple reason that it is mathematically and con-

ceptually easy to do so, while the mathematics of a full circular aperture

system appears intractable. We shall consider the adaptive optics to be a

pair of discrete elements, one for each aperture, so that while the phase

shift introduced by atmospheric turbulence varies over each element, the

mean phase error of each element is removed, i.e., is equal to zero.

It is clear that in a certain sense this pair of disjoint apertures case, cor-

responds to the disjoint pair of regions on a large circular aperture optical

system which give rise to any particular spatial frequency in the focal

plane. In this sense then the analysis of the Michelson stellar interferometerIcase may be equated with the analysis of a full aperture system for a par-

ticular spatial frequency. The principle difference between this analysis

and the full aperture case is that in the latter we would have to consider

many pairs of disjoint regions, each pair contributing to a particular focal

plane spatial frequency of interest. To be mathematically exact we would

have to take account of the rather limited correlation between these pairs

of apertures. Because taking proper account of this correlation is mathe-

matically very complex, while physically it appears that there should be

no significant contribution to the final result, we have chosen to work with

the much simpler problem of the adaptive optics version of the Michelson

stellar interferometer.

- 14 -
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2.2. Analysis

We consider the Labeyrie technique of speckle interferometry1 , with

a single point source in our field-of-view at an angle 0.. We assume that

the source intensity, at wavelength X , is such that the amplitude at our

interferometer aperture is A. If we denote position on the aperture by the

two-dimensional vector I, and let O(T) denote the instantaneous random

phase shift at f introduced by atmospheric turbulence, we may then write

for the wave function at the aperture due to this point source

U(n) A Aexp~i k 0 1+ i 0(()

!4

where

k = Zr/X , (2)

is the optical wave number.

We assume that each element of the interferometer has a circular

clear aperture with diameter, D. This allows us to introduce the function

W) I if 7 falls within the aperture( 0 otherwise (3)

to provide a mathematical description of the aperture. Thus, the wave

function of cur point source as it appears in the focal plane, as a function

of view-angle, is

u(9 drW(T) exp (- ik ) (-r) .(4)

Here ?4 is a constant of proportionality that will drop out at our final results.

is



The focal plane intensity rnay be written as I

In the~ Labeyrie technique, the quantities of interest are the fourier angular

spatial frequency transform of the focal plane intensity,
]

s(r) = Id-8 exp (-Z r i I ) (T)

where 7 is the spatial frequency (in units of cycles per radian), and the

power spectrunr,

= (PMr S(r)f (7)

We use the angle bracket notation here and in the following to denote an

ensemble average over all possible turbulence-induced wavefront distor-

' 1 tion patterns.

Substituting Eq. (1) into Eq. (4), we get

?4~ A Id.()epi0 7 90 (8)

Substituting this into Eq. (5), and rewriting the product of integrals as a

double integral, we get

x exp t(?[OCT) - 0(7')] i k[($ - (' - ''J (9)]

Using Eq. (6), we may write for the spatial frequency fourier transform

-16-



S(f) = A, I I2 2 J'J'J' dO d d' W(J) W( ')

x exp (-Z.rr j. ) exp(i [O(j) " -

Replacing the variable of integration 8 by v = - o, we convert Eq. (10)

r to

S(T) 11it12 A2 exp (-.Tr i 4)dl d~rd-r

x W(r) W(V exp fCi tO) - 0C ):- • (3+x2 -Bev • (11)

We may now use the well known property of fourier transforms, namely:

d% J2Jdxdy' exp[ ?Zi x (y-Y)l h(y') h(y) , (12)

to perform the I- and "V - integrations in Eq. (11). Thus, we obtain the

result that

S() 1 IdA! ex(-r? d ()Wr+X6

ex~ .0? (r r] (13)

In developing this result we have absorbed a factor of X into the constant

Ihe power spectrum, 1 (r) , is calculated by substituting Eq. (13)

into Eq. (7). This results in the expression

-17-



d 4) I A' fj' dffW(! W(I +X ?0

x W(') W(T'+ XT) (expfi CO(T) - (71)

+ X(- ( + - +Xf)2 ) . (O4) + P

Here we have made z. double integral out of the product of integrals so as

to be able to write our result in this form.
VN

To reduce this formidable expression, we shall use two tricks. The

first is the realization that for a gaussian random variable with zero.mean,

say X, and any constant a, the ensemble average of the exponential of their

product reduces to

(exp(.)) = exp(j1

The second trick is to make use of the algebraic identity

(a-b+c-d = (a-b)2 - (a-c? + (a-d .4, (13-c, - (b-d + (c-d). (16)

I; °
iAaking use of Eq. (15), the ensemble average of the exponential in Eq. (14)

may be rewritten as

(expti 10 () - 007) + 0I(' + Xf) - 0(1 + Xkf)2])

-expC- J ([O() - Orr ) +O(P + Xf) -0(Tr+ Xf)1)) (17)

So flar, the discussion has paralleled (in fact, has been contiguous with)

the development presented in our earlier work for a standazd (i. e., non-

adaptive) optical system. To direct the discussion specifically toward the

=2'I
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Michelson interferometer (with adaptive optics), we introduce the concept

Ci an average phase shaft for a particular aperture elemen. We define

the average phase-shift, Q,, for the ilm aperture element

er rr
a,

where a, is the area of the aperture element, and the integral is taken

' over the area of the itm element. The average phase dierence between

!I,. two disjoint aperture elements, i and i', would be - Since a

Michelson interferometer has only two elements, we may denote this

II
°ii phase difference as

F0 1 ((8)at i a,,

4 Because the aperture element is under adaptive control, Q, - QJ, will

remain constant in spite of time-varying turbulence-induced changes in

the wavefront reaching the aperture.

Examining the definition of W(7) in Eq. (3), we see that the in-

tegrand in Eq. (14) will have a nonzero value only if r, T + %f, Tf, and

+I all fall within one or the other of the two aperture elements. If

XrI is small compared to an element diameter, it is possible for all of

T, V. T + %I, and + X to fall within the same element. In this case,

the mean square phase shift in Eq. (17) becomes

-C')+ ~('+ r)-(y+ %7)32 )

rr- - ( C) - 0(0 + xr)22)
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+ (D() - "0 + + +() - + Xf))• )

- (C~~C~') - ~~ + x?32~) + (t0'(f -~+x)
2

V+

-Or D{7-+ %T) 71'- ) for 1i1 :gX/D (19)

where .( ) is the wave-structure function, defined by the equation

A.
&() ([r + P) *- 0(-)3.) ( (0)

-If %?XI is large compared to an element diameter, nonzero values of

the integrand of Eq. (14) occur only if ' and I' fall in one aperture element,

and ? + %' and r + %I fall in the other. In this case, taking account of the

adaptive optics, the mean square phase shift in Eq. (17) becomes

($1 - r(') + 0(11' + +) - 0(" +

= (COMF - OM,) + LO(T?+ x?) - L4 + '- - + -]

= (10M - O')2) - (C(') - 1(0 + &l) - 2

+ Co (7) [Orr +XT) _'J 12 + - +

(0 (C(r C ~0(76 + X70) )~22) + + f

= (0C) 0~'J~ -([Orr) - (V + -(AQ 2 )

-20



+ ([Orr) - or? +x) +2(AQ[;(- r+) - O(' +X?)]

+ ([O(rr + x) - Orr + x)3

+ jC(r) - r(r + Xf).j) + (trCr') - O(r' + X)32)

07- - + 00)?) + ([Orr + 6 + %)32)

= N-r7-- f -'-±)1+XZf) +~ (1'

,4r I fT for fl X%/D . 21)

We see that Eq. 's (19) and (21) are identical, so we need not

concern ourselves with the limitations of in each expression. We

rmay then rewrite Eq. (14) as

IA(AY j'S d- d.- W(r)W( + ) + %7 7) W(T'+()

Eq. (22) is identical to Eq. (18) of our previous work2 which was developed

under the assumption of stationary optics.

-21-li • '
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2.3. Conclusions

The logic used to develop Eq. (22) may be extended beyond the Michel-

son interferometer with two widely spaced aperture elements, to include any

finite number of nonoverlapping aperture segments. Thus, we see that the

introduction of adaptive optics has not at all affected the power spectrum

of the focal plane intensity.

In other words, no improvement whatsoever can be expected from

removing the average phase shift error from a pair of finite-sized disjoint

elements in the aperture. It is only if the adaptive optics makes fine enough

scale corrections for h8I - I) to be affected for the small separations

- r that the adaptive optics could affect the power spectrum. For the

very coarse form of adaptive optics which we are considering here, for which

there is no adaptive optics correction of the wavefront distortion between two

points ? and 71 close enough together to be in the same aperture element of

the Michelaon stellar interferometer, the adaptive optics cannot affect the

statistical quality of the focal plane pattern. In this case, we see the speckle

interferometry is not helped by use of coarse adaptive optics.
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